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Introduction to the Math Circle Notes 
Adventures in Calculus & Mechanics for Young and Curious Minds did not begin as a book. It began as a 
series of weekly Math Circle sessions conducted during the 2025–2026 academic year with my 
grandchildren, Cyrus and Rooz, and their friend Marc. The purpose of these sessions was not to teach a 
formal calculus course, but to explore the ideas of calculus and mechanics through stories, videos, 
experiments, discussion, and guided discovery. 

The notes collected in this volume represent the working record of that process. They were never 
intended for publication. Most began as rough outlines, sketches of activities, references to books and 
videos, questions for discussion, and ideas intended to help students discover important concepts for 
themselves. Some sessions were carefully planned; others evolved in response to questions raised 
during earlier meetings. 

The development of each Adventure typically followed several stages. First came the original idea, often 
inspired by a historical story, a mathematical puzzle, a scientific question, a student request, or a video 
such as those in the excellent Essence of Calculus series by 3Blue1Brown. Next came preliminary 
activities, which I would work through myself, looking for gaps, ambiguities, and opportunities for clearer 
visual explanations. The activities were then tested during the Math Circle sessions, where students 
frequently discovered unexpected approaches, asked challenging questions, or suggested better ways 
to think about a problem. 

After each session, the notes, worksheets, and activities were revised. Explanations were clarified, 
diagrams improved, questions rewritten, and new activities added. In many cases, several rounds of 
revision took place before an activity reached its final form. The Teacher Guides and Adventures found in 
the main volume represent the culmination of this process of design, testing, observation, and 
refinement. 

These notes therefore provide a view of the Adventures in their natural habitat. They include original 
session notes, completed worksheets by Cyrus, Rooz, and Marc, discussion points, alternative 
approaches, side explorations, and occasional dead ends. They reveal not only what was ultimately 
taught, but also how the ideas developed and evolved over time. 

Readers should not expect these notes to have the polished structure of the Adventures themselves. 
They are working documents, preserved because they capture something valuable: the process of 
mathematical discovery. They show how questions lead to new questions, how misunderstandings 
often lead to deeper understanding, and how some of the best ideas emerge from unexpected 
conversations. 

It is my hope that teachers, parents, Math Circle leaders, and curious students will find these notes 
useful not only as a companion to the Adventures, but also as encouragement to experiment, adapt, 
revise, and create activities of their own. Mathematics is rarely discovered in a straight line, and neither 
were these Adventures. 

— Behrouz B. Aghevli, PhD (Dr. Super) 
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쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 Adventure 1 – Area Under a Line, Slope, & the Big Idea of Calculus 

�� 1. Overview of the Session 
Date: 10/15/2025Duration: 1:45–2:40 pm (55 minutes) 
Students present: Cyrus, Marc, Rooz 
Main objective: 
To introduce the students to the idea that calculus is fundamentally about understanding 
change — growth, motion, area, and slope — and to launch the long-term series built 
around 3Blue1Brown’s Essence of Calculus. 

This session served as an orientation to the visual style, intuition-first approach, and the 
flow of the 9+ sections to come. 

Summary of student discoveries: 

∑ They recognized that area can be built from many thin slices — an idea central to 
integrals. 

∑ They saw that the derivative measures how fast something is changing “right now.” 

∑ They realized that calculus is not a set of formulas but a way to think visually and 
conceptually. 

∑ They connected the video’s circle-area idea to the distance–velocity–acceleration 
charts they’ve seen in earlier activities. 

띙띚띞띟띛띜띝 2. Warm-Up Conversation / Storytelling / Videos 
We open the session with the remarkable story of Eratosthenes, who measured the entire 
circumference of the Earth using nothing more than: 

∑ a stick, 

∑ a shadow, 

∑ a tiny angle, 

After hearing the story, students estimate Earth’s circumference themselves using the 
activity sheet titled: Your Estimate of Earths Circumference, and the solution sheet 
following it titled: Eratosthenes’ Estimate of Earth’s Circumference. 

Then we introduced Essence of Calculus series (12 videos) and explained that this will be 
the conceptual backbone of our entire Calculus & Mechanics program. 

We then watched Video 1 named: The Essence of Calculus, which introduces: 

https://www.youtube.com/watch?v=WUvTyaaNkzM&list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr
https://www.youtube.com/watch?v=WUvTyaaNkzM&list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr&index=1
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∑ area of a circle as area under a curve, 

∑ how slicing leads to integrals, 

∑ and how slopes/derivatives appear naturally from motion. 

The kids immediately connected to the visuals: 

∑ Cyrus leaned forward during the circle-unfolding demonstration, recognizing 
symmetry. 

∑ Marc commented that the animation looked “like slicing a pizza thinner and 
thinner.” 

∑ Rooz asked if the circle-area method also works for triangles — a great early insight. 

We framed the series as a story they will follow — where chart reading, physical intuition, 
and calculus ideas all blend together. 

궬궨궭궮궯 3. Activities Completed 

Activity #1 — Worksheets on Area & Slope 

I gave them two worksheets (front and back) inspired by the video. 
They repeated the logic from the visual demonstration and applied it to simple linear 
functions. 

∑ Cyrus and Marc followed the reasoning quickly. 

∑ Rooz needed some encouragement but completed the exercises independently. 

∑ Dr. Super participated and supervised the early discussion. 

This activity reinforced the idea that integrals are “accumulated area” and derivatives are 
“instantaneous slope,” even though we didn’t use formal notation yet. 

Activity #2 — Connecting Video Concepts to Real Motion 

We briefly related the worksheet answers to the distance–velocity–acceleration charts 
that will come late and they were told that: 

∑ distance curves have area meaning, 

∑ velocity curves have slope meaning, 

∑ and calculus explains why those relationships are linked. 
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This served as an important conceptual bridge to the later sections (Newton’s Laws, 
rockets, drag racing, and exponentials). 

������ 4. Mini-Discussions & Side Topics 
A short but meaningful discussion emerged around the question: 
“Why does slicing something thinner make calculations more accurate?” 

This opened the door to: 

∑ the idea of limits (to be formalized in Section 8), 

∑ infinitesimals, 

∑ and why calculus feels magical when combined with visualization. 

We kept the tone light, knowing this was their first real taste of calculus. 

쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 5. What Worked Well 
∑ Estimating the circumference of the Earth worked really well. 

∑ The video’s pacing was perfect — short, visual, and intuitive. 

∑ The worksheets reinforced the concept without overwhelming them. 

∑ The balance of story, visuals, charts, and hands-on work matched their attention 
spans. 

∑ All students had at least one “aha” moment. 

��� 6. Adjustments for Next Time 
For future introductory sessions: 

∑ Provide a clearer bridge between the video and the worksheets. 

∑ Add one or two guiding questions (“What do you notice about the slices?” “How 
does slope show up in real life?”). 

∑ Leave space for them to draw simple curves by hand. 

∑ Consider a warm-up mini-chart next time to anchor their intuition. 

��� 7. Student Quotes (Optional) 
∑ Marc: “So area is like adding up lots of little sticks?” 

∑ Rooz (after finishing the problems): “Okay… this is actually fun now.” 

∑ Rooz “ it so cool when it fills the area under the line completely!” 
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∑ Cyrus: “I like when the circle turns into a line.” 

굧���������� 8. Closing Reflection by Dr. Super 
This was a strong beginning to the Calculus & Mechanics journey. The kids engaged well 
with the story and the video, handled the worksheets confidently, and showed curiosity 
about how the ideas connect to motion. This introduction set the tone for the rest of the 
Calculus and Mechanics Series — building intuition first, formalism second, and always 
grounding abstract calculus ideas in physics and everyday motion. 

  



Calculus and Mechanics Math Circle Notes  Dr. Super • pg. 5 

귥극귧귨 Student Completed Worksheets 

艍艌 Measuring the World by Slices and Sticks – Student Worksheets 
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艍艌 Student Activity Sheets – Area Under a line and Tangent Line to a Curve 
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쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 Adventure 2 – Secret of Slope 

ร 1. Overview of the Session 

Date: 10/21/2025 

Duration: 11:40–1:00 (80 minutes) 

Students present: Cyrus, Marc, Rooz 

Main objective: 
To introduce the core ideas behind derivatives and integrals by using hands-on worksheets, the 
3Blue1Brown visuals, and a guided discovery of tangents and shaded areas. This session served as the 
kids’ first structured encounter with the Power Rule and the idea that “slope tells a story.” 

Summary of student discoveries: 

∑ They understood that a derivative tells how fast a function changes at a point. 

∑ They successfully connected a tangent line’s slope to movement along a curve. 

∑ They rediscovered the Power Rule for ℎ(ݐ) =  .ଶin a hands-on wayݐ

∑ They began to see how shaded area connects to the idea of an “integral.” 

Math Circle CMR 10 Calculus 2 1… 

͸ 2. Warm-Up Conversation / Story & Video Integration 

We continued with the 3Blue1Brown Calculus series, watching the second video. 

The kids remained focused through the explanation of slopes, tangents, and curved motion. 

Before handing out worksheets, Dr. Super paused to highlight key moments from the video: 

∑ How Grant draws the secant lines getting closer 

∑ How the slope “settles” into a single value 

∑ Why the tangent at a point captures instantaneous behavior 

This setup made the worksheet feel like a continuation of the video instead of a separate activity. 

Rooz needed more redirection, but the 3B1B visuals helped him re-engage each time. 

߳ 3. Activities Completed 

Deriving the Derivative of ࢎ(࢚) = ࢚૛ 

The first worksheet guided them to: 

∑ Start from the diƯerence quotient 

∑ Reduce it step by step 

∑ Arrive at the derivative formula 

Then they had to draw the graph of ℎ(ݐ) = ,ଶ, mark the point (3ݐ 9), and analyze the tangent. 

They discovered: 

∑ The slope at ݐ = 3 is exactly 3 

∑ Therefore ݀(ݔଶ)/݀ݔ =  ݔ2

https://www.youtube.com/watch?v=9vKqVkMQHKk&list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr&index=3
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∑ The video had used ݐଷ, so this felt familiar but empowering 

A pre-drawn tangent line helped them avoid getting bogged down by drawing details. 

Marc and Cyrus worked confidently; 
Rooz required steady prompting but finished successfully. 

ศ 4. Mini-Discussions & Side Topics 

During and after the worksheets, Dr. Super introduced: 

∑ Why tangent slope represents instantaneous speed 

∑ How the Power Rule will generalize 

∑ How the formulas the video shows connect to what they had just drawn 

These side conversations planted seeds for the connection between calculus and mechanics that 
develops fully in later sections. 

൅ 5. What Worked Well 

∑ The pairing of video → worksheet → discussion created a smooth learning arc. 

∑ The tangent line being pre-drawn made it accessible without removing the challenge. 

∑ The kids handled the area problem well, even though it was their first real “integral.” 

∑ The discovery that (ݔ)ܨwas the area function produced genuine excitement. 

Marc and Cyrus stayed focused; Rooz needed gentle pressure but stayed motivated and refused to give 
up. 

บ 6. Adjustments for Next Time 

∑ Add one guiding question to help them identify the area-function pattern sooner. 

∑ Include a check-in prompt for Rooz before each step to reduce wander. 

∑ Introduce a small verbal cue about “area makes curves bend upward” to help connect intuition to 
graphs. 

๋ 7. Student Quotes (Optional but Fun) 

Rooz (after finishing the slope step): “I did it — I actually did it!” 

Marc (looking at the tangent line): “So this skinny line tells everything?” 

Cyrus (seeing the area function): “It curves because the area keeps adding up!” 

ห 8. Closing Reflection by Dr. Super 

This early-calculus session was a strong foundation. The kids began to internalize the main story of 
calculus: slopes measure change. Given their age, this was challenging material — but they rose to it. The 
most encouraging sign was that even when diƯiculty increased, they pushed through and stayed with 
the work. 

This session set the stage for the deeper connections to come in free fall, drag racing, and rocket launch 
activities. 
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邫邬邭邮邯靳辦邱靴邳靵辩邆靶靷適遭靸邴遪靹遫靺邵靻靼遬靽遮邶邷 9. Student’s Worksheets 
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쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 Adventure 3 – The Power Rule Through Geometry: from Algebra to Calculus 

�� 1. Overview of the Session 
Date: 10/22/2025 
Duration: 80 minutes (11:40–1:00) 
Students present: Cyrus, Marc, Rooz, Dar 

Main Objective: 
To discover the Power Rule visually and physically — by using small changes (“dx”) on a square and cube 
to see exactly how x² and x³ grow. 

Summary of Student Discoveries: 

∑ They saw that increasing x Ҍ x + dx grows the square by 2x·dx (plus a tiny (dx)² corner). 

∑ They recognized that the derivative is the coeƯicient of dx after collecting the added pieces. 

∑ They extended this to x³ and found the three added face-sheets of area x²·dx each Ҍ producing 3x². 

∑ They linked the geometric picture to what 3Blue1Brown shows and to the symbolic derivative 
definition. 

ส 2. Warm-Up, Video, and Lab Gear Setup 

We continued with 3Blue1Brown’s Calculus, Chapter 3. 
I paused several times: 

∑ to highlight the idea of adding many thin strips, 

∑ to compare the video diagrams with the Algebra Lab Gear blocks, 

∑ and to show the kids how the Power Rule emerges from “just counting the new pieces.” 

They immediately recognized that the handout and the video matched perfectly. 

߭ 3. Activity – Geometric Derivatives (x² and x³) 

(Using the Rooz worksheet image they completed) 

A. Derivative of x² 

They marked the small increase dx along both edges and identified: 

∑ One vertical strip: area = x·dx 

∑ One horizontal strip: area = x·dx 

∑ One tiny corner: (dx)², which disappears in the limit 

So: 

df = x·dx + x·dx + (dx)² = 2x·dx + (dx)² 
df/dx = 2x 

All four understood why the two strips matter and why the tiny square does not. 

Rooz labeled the pieces carefully; Marc immediately recognized the pattern. 

B. Derivative of x³ 

They used the cube diagram to identify: 
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∑ Three face-sheets: each area = x²·dx Ҍ total = 3x²·dx 

∑ Side rectangles: 3x·(dx)² (ignored in the derivative) 

∑ Small cube: (dx)³ (ignored) 

So: 

df = 3x²·dx + 3x·(dx)² + (dx)³ 

df/dx = 3x² 

Marc: “It’s just the square but in 3D!” 
Cyrus wanted to try x⁴ next. 
Rooz reconstructed the cube layering very precisely. 

ศ 4. Supporting Conversations 

We briefly explored: 

∑ Why the small pieces disappear 

∑ How the process generalizes to xⁿ 

∑ How the derivative of 1/x uses a rectangle of constant area 

∑ Why sin(x)'s derivative is trickier (they were interested but not fully ready) 

The 1/x rectangle (area = 1) fascinated Cyrus and Marc; Rooz needed help but followed the idea. 

੮ 5. What Worked Well 

∑ Lab Gear physical blocks made the diagrams real. 

∑ The activity sheet perfectly matched the 3Blue1Brown visuals. 

∑ Students saw why the Power Rule is true — not just that it works. 

∑ The ratio df/dx suddenly made sense once they gathered all “dx terms.” 

ੱ 6. What to Reinforce Next Time 

∑ The tiny pieces (dx)² and (dx)³ vanish when dx Ҍ 0. 

∑ The derivative is about the leading term in df. 

∑ How this method generalizes to xⁿ. 

∑ Smoother connection to the 1/x derivative model. 

��� 7. Student Quotes 

∑ Marc: “So the derivative is just counting strips!” 

∑ Cyrus: “Let’s try x⁴!” 

∑ Rooz (quietly but proudly): “I found all the pieces.” 

ห 8. Closing Reflections by Dr. Super 

This session made the derivative tangible. They did not memorize rules — they saw them. 

The combination of: 

∑ the Grant Sanderson video, 
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∑ the Lab Gear blocks, and 

∑ the activity sheet 

created a strong conceptual foundation. Even the more challenging parts (like the derivative of sin(x)) 
gave them something to grow into. The Power Rule now feels like a visual fact to them. 

ࠡ 9. Student Worksheets 
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쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 Adventure 4 – Free Fall – Gravity and the Birth of Calculus 

�� 1. Overview of the Session 
Date: 10/23/2025 
Duration: 11:45–1:05 (80 minutes) 
Students present: Cyrus, Marc, Rooz 

Main objective: 
To connect derivatives and integrals to real physical motion, especially free fall under 
gravity, and to introduce Newton’s Laws through a story-based approach that made the 
concepts accessible and emotional for the kids. 

Summary of student discoveries: 

∑ They saw that gravity produces constant acceleration. 

∑ They understood why velocity increases linearly during free fall. 

∑ They recognized that distance grows quadratically, setting up the foundation for the 
Power Rule. 

∑ They linked calculations from the charts directly to the falling-from-the-plane story. 

∑ They began using derivatives and integrals conceptually, not symbolically. 

띙띚띞띟띛띜띝 2. Warm-Up Conversation / Storytelling 
I began with the story that Spark and I had prepared about how Newton wrote Principia, 
borrowing from A Short History of Nearly Everything. The kids loved it: 

∑ The plague closing the universities 

∑ Newton going home 

∑ Wondering why apples fall straight down 

∑ How the same force keeps the Moon in orbit 

∑ The Halley–Hooke–Wren “bet” 

∑ Newton calmly saying the orbit must be an ellipse 

This framed calculus as a human story, not a formula sheet. 

Then I added the Halley’s Comet moment: 
“When you’re about 50, Halley’s Comet will return. Get together then and remember our 
Math Circle.” 
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Cyrus got emotional. Rooz and Marc pretended to be tough but were listening closely. 

궪궨궫 3. Main Activity — The 980-Meter Fall 
We turned to our free-fall problem: 

A man is thrown out of a plane at 980 meters, and we attempted to determine: 

1. How long until he hits the ground 

2. The speed at impact 

To support this, they received the three stacked PMCT-style charts: 

∑ Distance from ground 

∑ Velocity 

∑ Acceleration 

We discussed: 

∑ Acceleration is constant because of gravity. 

∑ Velocity increases at a constant rate (linear). 

∑ Distance grows faster and faster (quadratic). 

This matched beautifully with the Newton story and with the Power Rule they were about 
to see. 

궬궨궭궮궯 4. What the Students Did 
They worked through problems prepared with Spark: 

∑ Reading values directly from the charts 

∑ Computing simple areas under curves (distance from velocity) 

∑ Connecting derivatives across the three levels (a Ҍ v Ҍ d) 

∑ Making estimates and checking reasonableness 

The tasks started simple but increased in sophistication, pushing them toward 
understanding how calculus models real motion. 

They moved at their characteristic speeds: 

∑ Marc — fast, energetic 

∑ Cyrus — very careful, meticulous 
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∑ Rooz — needed help writing but understood everything conceptually 

All three completed the activities successfully. 

At the end, we briefly reviewed the Power Rule for derivatives and integrals, connecting: 

∑ Linear growth Ҍ constant derivative 

∑ Quadratic growth Ҍ linear derivative 

The kids began to feel why the rules look the way they do. 

������ 5. Mathematical Insights 
∑ The charts made the meaning of instantaneous rate of change intuitive. 

∑ Integrals as area under curves began to make sense. 

∑ They clearly saw the diƯerence between: 

o Reading values 

o Estimating from slopes 

o Computing areas 

This session helped cement the calculus–physics link that will be crucial in Section 4 and 
beyond. 

쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 6. What Worked Especially Well 
∑ The storytelling made mathematics come alive. 

∑ Using a real-world danger (falling from a plane) made them engage intensely. 

∑ The three charts allowed them to see all levels of motion simultaneously. 

∑ The activities were scaƯolded just right: simple Ҍ subtle Ҍ integrative. 

You wrote in your own notes that this was one of your best sessions ever, and it shows. 

��� 7. Adjustments for Next Time 
∑ Provide a slightly cleaner version of the falling-guy chart (you brought the polished 

one to the next session). 

∑ Add a quick reminder about the relationship between quadratic functions and linear 
derivatives. 

∑ Possibly include a guided version of the Power Rule as a mini-sidebar. 
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��� 8. Student Quotes (Optional) 
∑ Cyrus was deeply moved by the Halley’s Comet story. 

∑ Rooz said: “So he falls faster and faster because gravity keeps pushing?” 

∑ Marc: “Wait — that’s why the middle chart is straight!” 

굧���������� 9. Closing Reflection by Dr. Super 
This session beautifully blended narrative, physics, and calculus. The kids were absorbed 
the whole time — emotionally, mathematically, and imaginatively. The real success was 
helping them feel derivatives and integrals long before they could compute them formally. 
It set the foundation for the next sessions (Sections 4 and 5), where they would build the 
deeper calculus–mechanics connections. 
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귥극귧귨 Student Completed Worksheets 
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쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 Adventure 5 – From Force to Kinetic Energy 

�� 1. Overview of the Session 

Date: 10/29/2025 

Duration: 1.5 hours (11:45–1:05 pm) 

Students present: Cyrus, Rooz, Marc 

邫邬邭邮邯靳辦邱靴邳靵辩邆靶靷適遭靸邴遪靹遫靺邵靻靼遬靽遮邶邷 Math Circle Context 
This Adventure grew directly out of a Math Circle session with Cyrus, Marc, Rooz. 
Before beginning, students watched introductory videos on energy — especially kinetic 
and potential energy — to prepare for deeper discussion. These helped frame the ideas, 
but real understanding came from working through mathematics together. 

궬궨궭궮궯 Revisiting DiVA: Distance, Velocity, Acceleration 
We reviewed the three linked motion quantities under constant acceleration: 

∑ Distance (ݐ)ܺ ݎ݋(ݐ)ܦ 

∑ Velocity ܸ(ݐ) 

∑ Acceleration (ݐ)ܣ 

We discussed how gravity acts as a natural constant acceleration on Earth — like the 
skydiver dropped from the plane in our previous session. 

Students completed a two-page activity connecting: 

∑ Velocity as the tangent (derivative) of distance 

∑ Acceleration as the derivative of velocity 

∑ Antiderivatives as accumulation 

Using the Power Rule, they saw how the kinematic equations derive naturally from one 
another. 

This reinforced a central theme of the CM Series: 

Calculus is the language that connects motion formulas. 

 From Motion to Energy 
The highlight of this Adventure was deriving the formula: 
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ܧܭ =
1

2
 ଶݒ݉

Students worked through: 

∑ Newton’s Second Law ܨ = ݉ܽ 

∑ Units of force (Newtons) 

∑ Definition of work as force multiplied by distance 

∑ Units of work (Joules) 

Then, step by step, we derived kinetic energy from the constant acceleration equations. 

Each student repeated the derivation aloud — one after another — explaining how the 
motion formulas lead to: 

ܧܭ =
1

2
 ଶݒ݉

They then completed the kinetic energy table on the exercise sheet. 

골곩곪곫곬 Conceptual Breakthrough 
By the end of the session, students clearly understood: 

∑ Kinetic energy equals the work required to bring an object to a given speed 

∑ The formula ଵ
ଶ

 ଶis not memorized — it is derivedݒ݉

∑ Calculus connects force, motion, and energy seamlessly 

It was a demanding session — I had to push them a bit — but these are powerful ideas to 
grasp at a young age. 

띙띚띞띟띛띜띝 Why Adventure 5 Matters 

Adventure 5 marks a major conceptual step: 

Students move from: 

∑ Reading motion formulas 

to 

∑ Deriving them 

and then to 
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∑ Connecting motion to energy through calculus. 

This prepares them for: 

∑ Variable acceleration 

∑ Work–energy principles 

∑ Modeling real physical systems 

∑ Deeper calculus applications in later sections 

��� Behind the Scenes 
This Adventure is part of a much larger eƯort — revising and refining over 100 activities to 
make them teacher- and parent-ready for publication on DrSuper.com. 

It reflects the collaborative spirit between Dr. Super and Spark — blending Math Circle 
experience, storytelling, and AI-assisted organization into a structured learning 
ecosystem. 

 Closing Thought 
When students can derive 

ܧܭ =
1

2
 ଶݒ݉

from motion equations themselves, they are no longer memorizing physics. 

They are thinking like mathematicians and physicists. 
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귥극귧귨 Completed Student Worksheets 
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쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 Adventure 6 – Area Under the Velocity Curve & Meaning of the Integral 

1. OVERVIEW OF THE SESSION 

Date: 11/05/2025 

Duration: 1:45–2:00 (approx. Students present: Cyrus, Marc, Rooz 

邫邬邭邮邯靳辦邱靴邳靵辩邆靶靷適遭靸邴遪靹遫靺邵靻靼遬靽遮邶邷 MAIN OBJECTIVE 
To understand integrals as area under the curve, and to connect 3Blue1Brown’s visual explanation of 
integration with the distance–velocity–acceleration charts the kids have been studying. 

�� SUMMARY OF STUDENT DISCOVERIES 
They connected integrals with accumulated area under the velocity curve. 

They recognized that negative acceleration meant braking. 

They saw the chain: acceleration Ҍ velocity Ҍ distance. 

Their histogram estimate (84 m) approached the true integral (85.33 m). 

虐虑虔虒虓 WARM-UP CONVERSATION / STORYTELLING / VIDEOS 
We continued with 3Blue1Brown — Integration and the fundamental theorem of calculus | Chapter 8, 

Essence of calculus 

We paused the video often to check understanding. The kids followed Grant’s animations easily because 
of their previous practice with the three charts. 

Before watching, we reviewed the full chart page and discussed how the functions relate through 
derivatives and integrals. 

Afterward, the kids received printed charts, immediately noticing the negative acceleration section and 
identifying it as braking. 

They then filled in the histogram table using the velocity graph. Rooz needed support; the others 
progressed steadily. 

邫邬邭邮邯靳辦邱靴邳靵辩邆靶靷適遭靸邴遪靹遫靺邵靻靼遬靽遮邶邷 ACTIVITIES COMPLETED 
ACTIVITY #1 — WATCHING AND INTERPRETING VIDEO #8 

Understood integration as accumulated area. 

Connected Grant’s geometric animations with the charts. 

ACTIVITY #2 — UNDERSTANDING THE THREE LINKED CHARTS 

Negative acceleration interpreted as braking. 

Students reasoned correctly about the motion. 

ACTIVITY #3 — HISTOGRAM TABLE (1-SECOND INTERVALS) 

https://www.youtube.com/watch?v=rfG8ce4nNh0&list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr&index=8
https://www.youtube.com/watch?v=rfG8ce4nNh0&list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr&index=8
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Read values from the graph. 

Computed rectangle areas and summed them. 

Estimated distance: 84 m (close to 85.33 m). 

Marc first; Cyrus steady; Rooz needed help. 

ACTIVITY #4 — APPROXIMATING DISTANCE FROM THE INTEGRAL 

Filled the second table. 

Understood why the integral is slightly larger. 

 MINI-DISCUSSIONS AND SIDE TOPICS 
Reading the velocity chart on the back of the page was confusing. 

Clarified why negative acceleration does not imply negative velocity. 

Kids recognized that they have already been applying the Fundamental Theorem of Calculus. 

골곩곪곫곬 WHAT WORKED WELL 
Charts modeled on 3Blue1Brown were highly eƯective. 

Histogram table grounded the idea of "adding rectangles." 

Pausing the video improved comprehension. 

Students enjoyed interpreting physical meaning from the graphs. 

띙띚띞띟띛띜띝 ADJUSTMENTS FOR NEXT TIME 
Move the velocity chart to a separate page. 

Clarify the table format so it cannot be misinterpreted. 

Emphasize units and reading precision. 

Provide more scaƯolding for Rooz. 

邫邬邭邮邯靳辦邱靴邳靵辩邆靶靷適遭靸邴遪靹遫靺邵靻靼遬靽遮邶邷 STUDENT QUOTES 
Marc: “I got 84! I beat you guys!” 

Cyrus: “Ohhh — so that’s why it’s a little more.” 

골곩곪곫곬 CLOSING REFLECTION BY DR. SUPER 
This session linked concrete calculations with the formal idea of integration. Using custom charts 
parallel to 3Blue1Brown helped reinforce the relationship between area, velocity, and distance. The 
histogram approximation showed real understanding. Next time, I will explicitly connect these ideas to 
the Fundamental Theorem of Calculus. 
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귥극귧귨 Completed Student Worksheets 
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쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 Adventure 7 – Momentum, Force & the Rocket Equation 

�� 1. Overview of the Session 

Date: 11/19/2025 

Duration: 1.5 hours (1:50–3:20 pm) 

Students present: Cyrus, Rooz, Marc 

Main objective: 

To understand how momentum, mass, and velocity interact during a rocket launch, and to 

connect the derivative of a product of functions with the physics relationship 

ࡲ =
࢖ࢊ

࢚ࢊ
. 

Summary of student discoveries: 

∑ They identified fuel as the agent that accelerates the rocket forward. 

∑ They recognized the three main stages of a launch: Liftoff → Coasting → Escape. 

∑ They saw that force is the derivative of momentum, and that this generalizes Newton’s 

2nd Law when the mass is not constant. 

 

띙띚띞띟띛띜띝 2. Warm-Up Conversation / Storytelling / Videos 

We began with the Falcon Heavy launch toward Europa. (Even little Ave, 5½ years old, joined 

us briefly.) This led naturally into a discussion about staging, boosters, and why rockets drop 

parts as they climb. 

Next, we watched: 

3Blue1Brown – Visualizing the Chain Rule and Product Rule (Chapter 4). 

We paused several times, especially for the product rule, and connected it directly to the rocket 

physics via 

ܨ =
݌݀

ݐ݀
. 

Each student then read a short paragraph from Space Stargazing and Rockets. I read the final 

one, which mentions Omar Khayyam and the Jalali Calendar. Cyrus proudly noted that Spark 

had added it on Dr. Super’s recommendation, giving us a chance to highlight how little the 

West credits Persian scientific contributions. 

I gave them the two main charts for the session. The new chart: Mass, Momentum, and 

Force, captured their attention. I explained that normally “moment” would appear at the top 

(mass × distance), but for these exercises we replaced it with mass since that was the relevant 

quantity for this activity. 
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궬궨궭궮궯 3. Activities Completed 

Activity #1 — Reviewing the Rocket Mass Formulas in Each Stage 

They examined the mass formulas and linked them to the mass chart for all stages. 

We highlighted why mass remains constant during Stage 2: the engines are off and the rocket 

is coasting in Earth orbit, with centripetal effects balancing gravity. 

I briefly described the spacecraft’s path: orbit Earth → fire engines → travel toward Mars → 

orbit Mars → fire engines → proceed toward Uranus. This sequence appears near the end of the 

launch video. 

They compared both sets of charts and tried to interpret them independently. 

 

Activity #2 — Mass, Momentum, Force, and the Product Rule 

I re-derived the expression for force by differentiating the momentum expression on their 

handout. We discussed how Newton’s Second Law, ܨ = ݉ܽ, works only if mass is constant, 

and how 
ௗ௣

ௗ௧
is the correct generalization for rockets. 

Notation remains challenging. Cyrus asked about the “d” in ݀݉/݀ݐ, so I reiterated that 

derivatives are represented in several ways — sometimes even as ݉ᇱ. 

They found it counterintuitive but interesting that a rocket becomes easier to accelerate as 

fuel burns and the mass decreases. Seeing this connection across the mass, velocity, and force 

charts deepened their understanding. 

 

Activity #3 — Linking the Charts & Completing Tables to Determine Force 

They read the velocity and acceleration charts fairly well. Slope calculations were harder, 

especially for Rooz. 

All three correctly computed ݉ܽ, but they missed the step of converting velocity from km/min 

to km/sec, which created discrepancies between their results and the Force chart. 

There was a brief “panic moment,” but once I recognized the unit mismatch, everything fell into 

place. They corrected their work and obtained the correct values at 5 minutes and 58 minutes. 

They asked why 58 minutes was chosen — I explained it was simply to create a more 

challenging estimation point. 
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We did not review all completed tables due to time, so I will revisit them next session. 

 

Activity #4 — Answering Conceptual Questions Using Both Charts 

Despite nearing the 90-minute mark, they remained surprisingly focused. 

∑ Cyrus worked slowly but very carefully. 

∑ Marc sped through quickly. 

∑ Rooz needed help writing but generated answers independently. 

They noticed correctly that the distance functions in Stages 1 and 3 are quadratic, so linear 

approximations are imperfect. 

For velocity, which is linear in these phases, slope estimates — and therefore acceleration — 

were exact. 

 

������ 4. Mini-Discussions & Side Topics 

A major insight emerged when they saw that their force estimates didn’t match the chart. 

Discovering why (unit conversion) helped them appreciate the importance of consistency in 

scientific work. 

 

쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 5. What Worked Well 

∑ The combination of video + story + charts made the session coherent. 

∑ The tables contained just enough information for them to succeed without being 

overwhelmed. 

∑ The Mass–Momentum–Force chart fascinated them and sparked deeper questions. 

∑ Repeated exposure to the product rule helped make a difficult concept more 

approachable. Grant’s visuals were extremely effective. 

 

��� 6. Adjustments for Next Time 

Items to refine: 

∑ Add a bold reminder about converting velocity units. 

∑ Clarify units for ݀݉/݀ݐin Stage 1. 

∑ Include one or two guiding questions to keep them from drifting off-track. 
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∑ Reinforce the relationship between the three charts. 

 

��� 7. Student Quotes (Optional but Charming) 

∑ After fixing the velocity-unit issue, Cyrus gave a little hug and said: 

“Great — now it works! I’m happy for you.” 

∑ The “slingshot effect” became a running theme; we referred to it many times. 

 

꺜꺝꺠꺞꺟 8. Photos / Charts / Sketches 

(To be added — you will attach the worksheets later.) 

 

굧���������� 9. Closing Reflection by Dr. Super 

This was the most time-intensive activity to prepare, and the difficulty level showed — but in a 

positive way. The kids lasted almost 90 minutes (well beyond our typical 60), and they stayed 

engaged throughout. 

I was especially impressed that after the first hour — when he normally started drifting Rooz’s 

focus increased, and Marc stopped fidgeting. Cyrus remained meticulous as always. 

The biggest success was their ability to connect their calculations with the physics shown in 

the charts: mass decreasing, velocity increasing, acceleration depending on both, and force 

emerging from the derivative of momentum. This session successfully linked calculus and 

mechanics in a way that felt real and meaningful to them. Going over their completed work, I 

see that there is still a gap here that has to be filled for connecting Calculus and Mechanics. 

Some of it was probably because of rushing through the questions on the last page. 
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귥극귧귨 10. Student Completed Worksheets 
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쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 Adventure 8 – Derivatives, Antiderivatives & the DiVA Chart 

�� Purpose of This Math Circle Session 

Adventure 8 builds on earlier DiVA work and moves students toward a deeper insight: 

Rates of change control long-term behavior. 

Students revisit derivatives and antiderivatives, but now the emphasis shifts from computation to 
interpretation: 

∑ What does the derivative mean physically? 

∑ How does accumulated change determine future motion? 

∑ Why are slopes more revealing than raw values? 

This session prepares students for more advanced modeling and ratio reasoning in later Adventures. 

艍艌 Story Connection — Reading Thin Layers 

We began by revisiting the extinction story from earlier sections — the thin iridium layer that recorded a 
global catastrophe. 

Just as that thin geological stripe encoded Earth’s history, motion leaves behind its own informational 
layer: 

Distance 
Velocity 
Acceleration 

Stacked vertically, these form the DiVA Chart — the thin layer that records motion. 

When students understand how to read this layer, motion stops being mysterious. 

궬궨궭궮궯 Revisiting the DiVA Structure 

We emphasized again: 

DiƯerentiate Ҍ move down the chart 
Integrate Ҍ move up the chart 

Students were asked repeatedly: 

∑ “Which layer are we on?” 

∑ “Are we simplifying or accumulating?” 

∑ “Does the slope match your equation?” 

∑ “Does the shaded area confirm your result?” 

The goal was not just algebraic correctness, but coherence between: 

Equation 
Graph 
Physical meaning 

When all three agree, understanding is solid. 

 From Constant to Changing Acceleration 
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Earlier sections focused heavily on constant acceleration. 

In Adventure 8, we began exploring what happens when acceleration changes over time. 

Students observed: 

∑ Linear velocity can produce quadratic distance. 

∑ Changing acceleration produces curved velocity graphs. 

∑ Small diƯerences in rate accumulate into large diƯerences in outcome. 

This is the first time students clearly see how behavior over long time spans depends more on rates than 
on initial values. 

������ Derivatives as “Behavior Controllers” 

A key discussion point: 

The function tells you where you are. 
The derivative tells you where you are going. 

We examined: 

∑ Positive vs. negative velocity 

∑ Increasing vs. decreasing acceleration 

∑ When motion speeds up, slows down, or reverses 

Students were encouraged to predict graph shapes before computing. 

Prediction before calculation strengthens conceptual control. 

꽅꽆 Energy Revisited 

We briefly reconnected to kinetic energy: 

ܧܭ =
1

2
 ଶݒ݉

 

Students were reminded: 

∑ Work accumulates through force acting over distance. 

∑ Acceleration changes velocity. 

∑ Velocity determines kinetic energy. 

Thus the DiVA structure is not isolated from energy — it feeds directly into it. 

This reinforces the unification of calculus and mechanics. 

��� Key Teaching Insight 

Every layer of DiVA reveals a diƯerent aspect of the same motion. 

Acceleration shows the cause. 
Velocity shows the behavior. 
Distance shows the history. 
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Students who can move comfortably between these three views are ready for more advanced modeling 
and long-time analysis. 

ྱ Discussion Prompts Used in Session 

∑ “If acceleration is zero, what must velocity look like?” 

∑ “If velocity is constant, what does distance look like?” 

∑ “Which graph reveals change most directly?” 

∑ “Why are slopes often more informative than raw values?” 

Students were asked to explain answers verbally, not just compute them. 

띙띚띞띟띛띜띝 Why Adventure 8 Matters 

Adventure 8 is a transition point. 

Students move from: 

Procedural diƯerentiation 

to 

Structural understanding of motion. 

This prepares them for: 

∑ Ratio reasoning in later sections 

∑ Long-time behavior analysis 

∑ Comparing growth rates 

∑ Understanding why derivatives control everything that follows 

 Reflection 

Motion is not chaos. 

It only appears chaotic when we do not read its layer correctly. 

The DiVA chart is the guiding light. 

Adventure 8 deepens students’ ability to read that light. 
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귥극귧귨Completed Student Activity Sheets 
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귥극귧귨Student Activity Sheets Solutions 
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쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌Adventure 9 – The Age of the Earth — Clair Patterson & Exponential Decay 
(Clair Patterson and the Age of Earth – U-235 Exponential) 

∑ Date: 12/03/2025 

∑ Duration: 1.5 Hours 1:50-3:20 pm  

∑ Students present: Cyrus, Rooz, Marc 

∑ Main objective of the session: Study the decay of Uranium-235 to Lead and redo the 
calculations of Clair Patterson to estimate the age of the earth using the half-life for 
U-235. 

∑ Summary of what the students discovered: 

o They discovered that the derivative of ex is ex. 

o They became familiar with the decay formula for U-235 and that speed and 
acceleration for this process have similar shape. 

o Estimated the age of Earth both from graphs and charts 

o Using integrals and charts to estimate the mass of U-235 remaining and Lead 
produced. 

 

띙띚띞띟띛띜띝 2. Warm-Up Conversation / Storytelling/Videos 

∑ I told them that Spark and I had spent a lot of time on preparing this activity for them 
and it will be long but if they focused, they will learn and connect many interesting 
ideas from Calculus to Mechanics and estimate the age of Earth themselves. 

∑ Then we watched the video: What's so special about Euler's number e? | Chapter 
5, Essence of calculus from 3Blue1Brown Chanelle on You Tube. As usual we did 
stop it a few times and discussed it. Cyrus and Marc are more familiar with Euler’s 
number and exponentials but for Rooz this was relatively new. I wanted to make sure 
that they all were comfortable with how the derivatives of exponentials were 
calculated. 

∑ Next each one of us read a paragraph of the story: The Age of Earth, Clair 
Patterson, and the Planet Covered in Lead. I gave them story sheet first and went 
to get them some drinks so they would have time to read it for themselves first.  

https://www.youtube.com/watch?v=m2MIpDrF7Es&list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr&index=5
https://www.youtube.com/watch?v=m2MIpDrF7Es&list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr&index=5
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∑ They liked the story (Cyrus and Rooz had heard it before). This is my favorite science 
story as it brings so many diƯerent aspects of math, physics and science history 
together. 

∑ The charts for the activity were on the back of the Story sheets, and I had them 
examine it and talked a little about U-235 turning to lead and how we start with 1024 
grams of U-235. I told them that we were calling these charts DiVA charts and asked 
them if they knew why. But did not get and answer so I explained that from Distance-
Velocity-Acceleration we made the acronym DiVA. Reception was Lukewarm. Of 
course, Distance can be replaced by other quantities in these charts, here it is Mass 
of U-235 remaining and Lead produced. 

∑ I also told them that we should try every problem together and discuss it before they 
move on. This will make the Math Circle much more interactive, and this is the 
purpose of the Math Circle. Usually, Marc rushes forward Cyrus will meticulously do 
his work slowly and I have to drag Rooz along. 

궬궨궭궮궯 3. Activities Completed 

Part 1 — The derivative of ࢞ࢋis ࢞ࢋ 

∑ They needed a little push, and I also started this on the board but they got the 
concept. I helped Rooz more than Marc and Cyrus. 

∑ We went over the Chain rule for the derivative of e-x and they did it and I went over it 
a few times even when we were watching the video. 

Part 2 — Finding the Decay Constant from the Half-Life of U-235 

∑ At the beginning, I did not discuss enough how the formula for the decay matched 
with the chart for M(t) but did mention that they had to find k. Cyrus said that there 
was no k on the charts and I had them come up with:”k would turn out to be 1”. 

∑ Even though I had tried to simplify the steps it was not clear exactly what they had to 
do at each step. I had to help them so they would find the value of k in the formula. 
Then it was easy for them to agree that it was close to 1. 
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Part 3 — Completing the Half-Life Table 

∑ This activity went well. 

∑ All 3 quickly filled the half-life chart. Rooz was first as he loves his powers of 2. 

∑ They could all see and recorded that the Mass was cut in half after each half-life. 

∑ There was a lot of discussion about what to use for the final half-live. Cyrus and 
Marc went with 6.5, but Rooz kept going from 6.4 to finally 6.35. This was great and I 
did mention that to correctly estimate we need to see that as we go on less mass 
remains. 

∑ This could have been a good place to talk about linear and nonlinear extrapolations. 

∑ Reading the charts was not easy to find where 18 grams will remain. They each went 
with their own numbers. 

Part 4 — Reading the Charts 
∑ I explained the relation of L(t) and M(t) and how the derivative of L(t) was v(t).  

∑ Cyrus asked about the derivative of M(t) and that was what I had lost a night of sleep 
on, So I explained that that the values will be negative and it is v(t) that is the 
derivative of L(t). 

∑ They had a good time going back and forth estimating the values from the charts. 

Part 5 — Checking the Mass at ࢚ = ૚Using an Integral 
∑ This was not that hard for them to do, and I was surprised as I had struggled with tit 

myself. But they all could see how the values were calculated. I asked about the 
integral of v(t) and what that was showing geometrically. Eventually both Cyrus and 
Rooz said that it was the area under v(t) and Cyrus even showed the area. 

쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 4. What Worked Well/Or Did Not  

∑ They really like the videos that are well made and explain everything well. 

∑ They liked the story very much and the trick of letting them read it for themselves 
before we read it together worked well. I must try it again. 

∑ Finding the age of the Earth went well as they like powers of 2. 

∑ The reading of the charts finding and doing the integrals also went well. 

∑ The estimation of k was hard for them, so the steps have to be simplified. 
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��� 5. Adjustments for Next Time 

∑ Initially the decay formula should be clearly connected to the chart. 

∑ Activity really needs more time if the students are to do it by themselves. 

��� 6. Student Quotes 

∑ Cyrus was quick to see that v(t) was not really the derivative of M(t). 

∑ Rooz was great on the Half-life estimation and more creative with his estimations. 

∑ Marc took his time more and did not rush forward and participated well. 

굧���������� 8. Closing Reflection by Dr. Super 

Spark and I spent even more time preparing and testing this activity than the last one. I 
had to bribe them with “Honest Kids” drinks and promise of ice cream afterwards, but 
they lasted for an hour and thirty minutes and were focused almost all the time. Rooz did 
so much better and as soon as we got to the estimation of the age of earth he became the 
front runner. I am so glad that this activity went so well as it has a lot of math, physics, and 
science history and it is truly an inspiring activity for the kids to estimate the age of Earth. 

꺜꺝꺠꺞꺟.7. Photos / Charts / Sketches  

  

(From Left to Right Rooz, Cyrus and Marc) 
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귥극귧귨 8. Student Completed Worksheets 
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쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 Adventure 10– L’Hôpital’s Rule, Ratios, & Feynman–Gamow Space Mission 

�� 1. Overview of the Session 

∑ Date: 12/10/2025 

∑ Duration: 1:40 Hours 1:50-3:30 pm  

∑ Students present: Cyrus, Rooz, Marc 

∑ Summary of what the students discovered: 

o How to use integrals to calculate probabilities: BuƯon’s Needle Problem  

o Ratios that produce 0/0and ஶ
ஶ

forms 

o The idea of comparing rates rather than values 

o The DiVA structure (Distance Ҍ Velocity Ҍ Acceleration) as a natural realization of 
L’Hôpital’s Rule 

o Long-time behavior of functions and ratios 

o L’Hôpital’s Rule in a conceptual explanation (“which derivative changes faster?”) 

띙띚띞띟띛띜띝 2. Warm-Up Conversation / Storytelling/Videos 

∑ I repeated for them that Spark and I had spent even more time on preparing this 
activity for them and it will be long but if they focused, they will learn and connect 
many interesting ideas from Calculus to Mechanics and discover how DiVA charts 
and L’Hôpital’s Rule can help them find limiting values for undefined Ratios 0/0 and 
infinity/infinity. 

∑ We did the BuƯon’s Needle problem, and I showed the solution on the same 
newsprint. 

∑ Then we watched the video: from 3Blue1Brown Chanelle on You Tube Limits, 
L'Hôpital's rule, and epsilon delta definitions | Chapter 7, Essence of calculus. 
As usual we did stop it a few times and discussed it. We did not get into the epsilon 
delta definition too much but focused more on the l’Hôpital’s’ Rule. 

∑ Next, I had to run out but I gave them the story sheet they told me that they read the 
story: The Feynman–Gamow Deep-Space Mission. 

∑ The charts for the activity were on the back of the Story sheets, and I had them 
examine it and see how the DiVA chart was showing the derivatives of f and g and we 

https://www.youtube.com/watch?v=kfF40MiS7zA&list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr&index=7
https://www.youtube.com/watch?v=kfF40MiS7zA&list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr&index=7
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were calling f’(t), g’(t), f’’(t), g’’(t) represented respectively the velocity and 
acceleration for f 9t) and g(t). 

∑ We continued to try to solve the problems together, but Marc was going faster and I 
helped Rooz to keep up. 

궬궨궭궮궯 3. Activities Completed 

BuƯon’s Needle Problem 

I had prepared a newsprint (see figure) with lines that were 20 cm apart and a pencil of the 
same length. Each of us dropped the pencil 5 times with closed eyes and in all we had the 
pencil cross a line 13 times out of 20 nearly 65҇. Then I did the math for them with 
integrals on the same newsprint and found the answer to be 2/Л which is about 64҇ this 
was remarkable, but I told them that was probably lucky but if we had done it a 100 times 
we would probably see a number this close. I think they sort of followed the calculations 
and I will go over it next time also. 

Part 1 — Finding f’, g’, f’’, g’’ 

We discussed the probes a bit and what they wanted to find out, and they had no trouble 
finding f’, g’, f’’, g’’ using the power rule that they have seen now several times. 

Part 2 — Distance Table 

They also had no trouble drawing in the curve for the distance ratio and putting the values 
on the chart from the table. We discussed that these values were going down but still not 
close to 2. 

Part 3 — Velocity Table 

They filled in the velocity table using f’ and g’ and calculated the ratio then they charted 
these and put the values on the curves. 

Part 4 — Acceleration table 

The acceleration table was straightforward; they observed the ratios were approaching 2 and completed 
the task quickly. 

Part 5 — Longtime Behavior 

They found the rations for distance and velocity and noticed that they were both getting close to 2 and of 
course the ratio of f’’ to g’’ was equal to 2. We need to go over the questions again in the next session. 
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Challenge Question – L’Hôpital’s Rule in Action 

This was left for the next session we ran out of time. 

쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 4. What Worked Well/Or Did Not  

∑ They had no trouble with filling in the tables and charting and enjoyed it. 

∑ We ran out of time to discuss the result of the acceleration being 2. 

��� 5. Adjustments for Next Time 

∑ The BuƯon’s Needle problem took a long time so we ran out of time. Probably more 
time had to be given to the probe activity itself. 

��� 6. Student Quotes 

∑ Both Rooz and Cyrus were asking when we can stop at the end. 

굧���������� 7. Closing Reflection by Dr. Super 

This was also a very good session. They enjoyed BuƯon’s Needle Problem, but we ran out 
of time at the end on the main activity, but I will go over it next time. Rooz is keeping up. 

꺜꺝꺠꺞꺟.8. Photos / Charts / Sketches  

   

(From Left to Right Rooz, Cyrus and Marc) 
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귥극귧귨 9. BuƯon’s Needle Problem Solutions 
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귥극귧귨 10. Student Completed Worksheets 
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쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 Adventure 11. –The Magic of Taylor Series 

�� 1. Overview of the Session 

∑ Date: 12/17/2025 

∑ Duration: 11/4 Hours 1:50-3:05 pm  

∑ Students present: Cyrus, Rooz, Marc 

∑ Summary of what the students did/discovered: 

o Review of BuƯon’s Needle Problem and completing the Feynmann Gamow 
Space Probe Activity from last Math Circle. 

o Taylor Polynomial and Series and how they are computed. 

o Taylor Series for ex, cos(x), and sin(x). 

o A Taylor Series builds a function from many tiny pieces. 

o By adding more terms, your approximation gets closer to the real curve. 

o Sine, cosine, and exponential all “grow” from the same idea. 

o And when we extend the exponential to imaginary numbers, the cosine and 
sine pieces combine perfectly to form a point on the unit circle. 

o How Taylor Polynomials for these functions can give good approximate values 
for any x even though they are calculated at 0. 

o How eix = cos(x) +isin(x) adding the Taylor series for cos(x) and isin(x). 

띙띚띞띟띛띜띝 2. Warm-Up Conversation / Storytelling/Videos 

∑ I went over the BuƯon’s needle problem and asked them why it was enough just to 
consider one half of one of the sections. Cyrus said because everywhere else we 
will have the same thing. I also asked Marc and Rooz the same question and 
eventually they came up with the answer also. Then I went over the integrals and 
Cyrus wanted to know about the case where the length of the needle was not equal 
to the distance between the lines and we covered that at the end also. 

∑ We also discussed the questions at the end of Part 4 of the previous Math Circle, 
and I made sure that they saw that even though the constant acceleration ratio at 2 
will force the ratio of velocities and distances to also go to 2, the values for both of 
them will get further apart. They also did Part 5 and saw how L’Hôpital’s Rule can be 
applied repeatedly to find the ratio that is infinity over infinity. 
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∑ Next, we read the story. And they reacted funny when I said they were emotional, 
particularly Cyrus. But they liked the story and this story is a good lead into Taylor 
Series. 

∑ Then we watched the video: from 3Blue1Brown Chanelle on You Tube Taylor series | 
Chapter 11, Essence of calculus As usual we did stop it a few times and discussed 
it. It was a bit too long but as usual it covers the essentials well, and the animation is 
great. 

∑ For a change today Rooz went faster than everybody and Marc was the slower 
person. He did seem to be in a dream state. Cyrus as usual was his meticulous self. 

궬궨궭궮궯 3. Activities Completed 

Part 1 — Rebuilding ࢞ࢋfrom its Taylor Series and Computing ࢋ૚ 

They had no trouble putting values for e0. They did not know the meaning of cumulative 
value, so I explained it and still it was not clear for them exactly what to put in. Rooz then 
Marc then Cyrus completed the values and they all compared it with the real value of e1 
and marked it on the curve for ex. 

Part 2 — Rebuilding ܛܗ܋  from its Taylor Series ࢄ
They also had no trouble putting in the values for the derivative of cos(x). Again, Rooz was 
going fast and did not need any help, and I could not even slow him down. They then 
compared the value they had found with the real value of cos(Л/6) and marked it on the 
curve of cos(x) 

Part 3 — Rebuilding ܖܑܛ  from its Taylor Seriesࢄ

Again, they had no trouble putting in the values for the derivative of sin(x). And again, Rooz 
was going fast and did not need any help and I could not even slow him down. They then 
compared the value they had found with the real value of sin(Л/6) and marked it on the 
curve of sin(x) 

Part 4 — Bringing Everything Together: ࢄ࢏ࢋ 

This was a little trickier. Finding the values for powers of i that we had seen before was 
done quickly for Rooz and Cyrus, but Marc was a little hesitant. They all saw that if you add 
the Taylor Series for cos(x) and isin(x) you will get the Taylor Series for eix. I did go over how 
this will make eix sit on the unit circle in the complex plane. We had seen this (Euler’s 
Formula) several times this year when we covered “Imaginary Numbers are Real” 

https://www.youtube.com/watch?v=3d6DsjIBzJ4&list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr&index=11
https://www.youtube.com/watch?v=3d6DsjIBzJ4&list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr&index=11
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쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 4. What Worked Well/Or Did Not  

∑ They had no trouble with filling in the tables and finding the values on the graphs and 
enjoyed it. 

∑ We could have done some more in this session. 

��� 5. Adjustments for Next Time 

∑ I would make some more boxes in the tables for them to fill. And let them fill in all 
the values for the terms in the Taylor Polynomial and not just the cumulative values. 

��� 6. Student Quotes 

∑ Cyrus asked at the end do we have another page to do and seemed disappointed 
that we were done! This is after an hour and 15 minutes! 

∑ Rooz was going fast and I had a hard time slowing him down. It was great to see him 
on track and doing so well. 

∑ As I said Marc was in a very quiet state and for a change going much slower than 
usual but seemed content. 

굧���������� 7. Closing Reflection by Dr. Super 

This was a very good session again. It was great to see Rooz do all the work on his own and 
even faster than Cyrus and Marc, he was on fire! Cyrus is asking more questions and 
three of them work together more and compare their results more. I think they all got the 
concepts well and enjoyed the activities. It seemed almost too easy for them and that is 
surprising as the Taylor Series concepts is not an easy one. 
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귥극귧귨 9. Student Completed Worksheets 
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逥逦靁逧逨逩逪逫靂逬靃靄逭逮靅逯逰靆靇週進逳逴逵逶逷逸逹逺逻逼逽逾靈Adventure 12. – Maximum Height, Critical Points, and Vertical Motion 

�� 1. Overview of the Session 
∑ Date: 01/07/2026 

∑ Duration: 1:50–2:55 PM 

∑ Students Present: Cyrus, Rooz (Marc absent) 

Section 12 introduced students to one of the most important ideas in both physics and 
calculus: a maximum height occurs when the velocity becomes zero, even though 
acceleration is still acting. 

Students explored this idea through three related motions: 

∑ A ball thrown straight upward 

∑ A cannonball fired vertically 

∑ A cannonball fired at an angle 

Although these motions look very diƯerent, students discovered that their vertical motion 
is identical whenever the initial vertical velocity is the same. 

虐虑虔虒虓 2. Video Discussion 
We began by watching the projectile motion video by Sabins. 

Before viewing, students were asked: 

What happens to the vertical velocity at the highest point of the motion? 

Rather than focusing on formulas, students were encouraged to observe what the 
projectile was doing as it rose, paused, and fell. 

After the video we discussed: 

∑ Why every projectile eventually stops rising. 

∑ Whether gravity disappears at the top. 

∑ Why the projectile begins falling immediately after reaching its highest point. 

∑ How horizontal motion and vertical motion appear to behave diƯerently. 

Several students initially believed that the acceleration should become zero at the highest 
point. The video helped establish that it is the velocity, not the acceleration, that becomes 
zero. 

급긊긋긌 3. Story Discussion 
Students next read The Cannonball and the Moment That Changed Motion. 
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The discussion focused on Galileo's realization that motion could be studied one direction 
at a time and Newton's later interpretation of maximum height as a special point where 
the slope becomes zero. 

Important questions included: 

∑ Why did Galileo focus on vertical motion? 

∑ What is special about the brief pause at the top of the flight? 

∑ How could mathematicians use that pause to predict motion? 

Students connected the historical story to the video and began anticipating what the DiVA 
charts would reveal. 

궬궨궭궮궯 4. Activity Discussion and Discoveries 
Using the DiVA charts, students observed that: 

∑ The ball reaches a maximum height of 45 meters. 

∑ The maximum occurs at 3 seconds. 

∑ The velocity becomes zero at exactly the same instant. 

∑ Acceleration remains constant at −10 m/s² throughout the motion. 

Students then compared a ball thrown upward and a cannonball fired vertically. They 
discovered that both motions have identical height, velocity, and acceleration graphs. 

The most surprising result came when comparing a vertically thrown ball with a 
cannonball fired at an angle. Although the paths through space were completely diƯerent, 
the vertical motion remained exactly the same. 

 5. Main Takeaway 
By the end of the session, students were able to state: 

A maximum height occurs when the vertical velocity is zero, even though the acceleration 
remains constant. 

This was their first physical example of a critical point, laying the groundwork for future 
discussions of derivatives, optimization, and projectile motion. 
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귥극귧귨 9. Student Completed Worksheets 
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逥逦靁逧逨逩逪逫靂逬靃靄逭逮靅逯逰靆靇週進逳逴逵逶逷逸逹逺逻逼逽逾靈Adventure 13 – Drawing Curves – Maximum, Minimum and Inflection Points 

ร 1. Overview of the Sessions 

Dates: 

01/21/2026 

02/11/2026 

Students Present: 

Cyrus, Rooz (Session 1) 

 Cyrus, Rooz, Marc (Session 2) 

Duration: 

 Approximately 1 hour per session 

This Math Circle session explored how derivatives determine the shape of a curve using an ATP 
availability model from biology. The central idea was simple but powerful: You can reconstruct a curve 
using only critical points and signs. 

ট 2. Warm-Up Conversation / Storytelling 

We began with the ATP story and the biological motivation: 

∑ What is ATP? 

∑ Why does it change over time? 

∑ Why must its availability form a curve? 

We connected the idea of flow in mechanics to flow in metabolism. 

Students were asked: If ATP changes over time, what must its graph look like? This led naturally to 
derivatives. 

At the start of the second session we discussed what happens when you turn on the light. We covered 
direct vs alternating currents and talked about Edison and Tesla and their roles and also Batteries and 
generators. 

߳ 3. Activities Completed 

Students: 

∑ Reviewed ݔଶ, ,ଶݔ− ,ଷݔ  ଷݔ−

∑ Identified max, min, and inflection points 

∑ Computed first and second derivatives of the ATP model 

∑ Drew A(t) first 

∑ Drew V(t) second 
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∑ Built a sign table 

∑ Reconstructed D(t) from calculus alone 

In Activity 3, students analyzed a modified ATP model representing early and late energy boosts. 

൅ 4. What Worked Well 

∑ Drawing acceleration first clarified everything. 

∑ The sign table provided strong visual structure. 

∑ Students recognized that zero slope does not automatically mean maximum or minimum. 

∑ Biological framing increased engagement. 

บ 5. Adjustments for Next Time 

∑ Slow down during sign table construction. 

∑ Emphasize second derivative test more explicitly. 

∑ Encourage verbal explanation before drawing. 

๋ 6. Student Quotes 

“This is like predicting the graph before you see it.” 

“We didn’t need all the points.” 

“That’s kind of scary… but cool.” 

ห 7. Closing Reflection by Dr. Super 

Adventure 13 showed that derivatives are not mechanical tools — they are structural detectors. 

Students moved from calculating to reasoning. 

The “Parting Shot” idea — sketching from critical points alone — was clearly understood. 
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귥극귧귨 Student Completed Worksheets 

 

 



Calculus and Mechanics Math Circle Notes  Dr. Super • pg. 101 

 

 



Calculus and Mechanics Math Circle Notes  Dr. Super • pg. 102 

逥逦靁逧逨逩逪逫靂逬靃靄逭逮靅逯逰靆靇週進逳逴逵逶逷逸逹逺逻逼逽逾靈Adventure 14 – How the Mathematics behind how Moon Circles the Earth 

Date: February 15, 2026 

Participants: Cyrus and Rooz 

ʣ Review of Magnetism. 
We watched the video Why Do Magnets Work? The One Question Feynman Refused to Explain. We 
began by how magnetism and the electromagnetic force are really the same force. We watched 
approximately 10 minutes of the video “Why Do Magnets Work? The One Question Feynman Refused to 
Explain.” 

Both Cyrus and Rooz reacted strongly to the tone of the AI-generated “Feynman.” They felt it was 
condescending and evasive. This actually became a productive teaching moment: 

∑ Why do physicists sometimes say “we don’t know why”? 
∑ What does science really mean when it explains something? 
∑ We clarified an important idea: 
∑ Science describes how nature behaves using mathematical laws.  
∑ It does not necessarily explain the ultimate “why.” 

This led naturally to a broader discussion. 

膆膋 Key Ideas Discussed 

꾆 The Four Fundamental Forces 

Gravitational 

Electromagnetic 

Strong nuclear 

Weak nuclear 

We emphasized that: 

Magnetism and electricity are not separate forces. 

They are diƯerent aspects of the electromagnetic force. 

What we experience as “solid contact” is largely electromagnetic repulsion between atoms. 

This shifted the students’ thinking from: 

“Objects touching” 

To “Fields interacting in space.” 

That conceptual transition — from things pushing to fields interacting — is central to modern physics. 

https://www.youtube.com/watch?v=83EB1jGJwqE&list=PLpMIA8FBtGYlTYsbBlx8FZnmeDUDjO9_Y&index=4
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膆膌 Transition to the Moon 
We then asked: 

Is magnetism is a force field in space? 

What about gravity? 

This brought us to the Moon. 

Why doesn’t the Moon fall down? 

Why doesn’t it fly away? 

What keeps it going in a circle? 

膆膍 Centripetal Force and Acceleration 
This was the most challenging conceptual section. 

We developed: 

ܽ =
ଶݒ

ܴ
 

  
and explained that circular motion requires continuous inward acceleration. 

I think Cyrus understood approximately 50҇ independently. Rooz required guided assistance. 

We emphasized: 

Acceleration does not mean speeding up. It can mean changing direction. The Moon is constantly 
accelerating toward Earth. This was a breakthrough idea. 

膏膎 Calculating the Moon’s Orbital Speed 
Using Newton’s Law of Gravitation: 

ܨ =
݉ܯܩ

ܴଶ
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and the circular motion requirement: 

ܨ =
ଶݒ݉

ܴ
 

We set them equal and derived: 

ݒ = ඨ
ܯܩ

ܴ
 

Cyrus handled calculator computations very well. I helped Rooz a little here. 

They both obtained: 

Orbital speed Ѹ 1.02 km/s 

Orbital period Ѹ 27.4 days 

The students were visibly impressed that such a simple equation produced the correct lunar month. 

That moment — when mathematics predicts reality — was powerful. 

Cyrus said this is 3,600 km/hour!  

膆膐 Deeper Insight 
We concluded with the beautiful idea: The Moon is constantly falling toward Earth… but its sideways 
velocity keeps missing it. This helped unify: Fields; Forces; Acceleration; Motion;Geometry 

蚘蚓蚔蚕蚖蚗 Reflections 
Tone matters in teaching delivery. What may be good for adults may not work for younger students. 
Conceptual acceleration remains diƯicult at this age. Calculator confidence is growing. Predictive power 
of mathematics made a strong impression. Overall: Productive session with solid conceptual growth. The 
focus was on reviewing deep misconceptions in magnetic force and how this is the same force as the 
electromagnetic force. We also examined how the moon circles the earth and fond it’s velocity and 
period. 

蚘蚓蚔蚕蚖蚗 Final words 
The session went well in spite of their objections to Feynman’s (AI) tone. I think in the future I will talk 
instead of Feynman! Explaining the centripetal force and acceleration was not easy (for me either) but I 
got through it and Cyrus probably go 50҇ of it for Rooz I am not sure. The exercise for calculating the 
orbital speed and period went well but Rooz needed help. They were impressed by the simplicity of the 
results, in particular that we found 27.4 Days for each lunar month! Cyrus was really good on the 
calculator. 
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귥극귧귨 Students completed Worksheets  
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쳝쳞쳟쳠逨쳡펃쳣펄쳤쳥펅펆쳦쳧쳨펇쳩쳪쳫펈펉펊펋쳬쳭쳮쳯쳰쳱쳲쳳쳴펌 Adventure 15 – The Sun Controls the Solar System 

Date: February 15, 2026 

Participants: Cyrus and Rooz 

膆膊 Review of Fire 
We began the session with a long lecture and discussion about fire, based loosely on the video “Why 
Does Fire Burn? – Feynman’s Answer.” 

The discussion focused on the idea that fire is not a mysterious substance but a chemical reaction 
between oxygen and carbon-based materials. When substances like wood burn, oxygen combines with 
carbon in the material and releases energy in the form of heat and light. 

We also discussed cellulose, the primary structural material in plants. Wood, paper, and many plant 
fibers are largely made of cellulose molecules. When these molecules react with oxygen during 
combustion, energy stored in chemical bonds is released. 

An interesting connection was made to biology: our bodies also perform a kind of controlled combustion. 
Inside our cells, oxygen reacts with sugars to release energy, though the process is much slower and 
more controlled than an open flame. 

The discussion lasted about 20–25 minutes and worked well as a warm-up conversation about energy 
and chemical reactions. 

膆膋 Transition to Planetary Motion 
After discussing fire and energy, the conversation shifted to a very diƯerent but related topic: motion in 
space. We asked a fundamental question: What keeps the planets moving around the Sun? Unlike a car 
moving in a straight line, planets are constantly changing direction as they travel around the Sun. This 
change in direction means that some form of acceleration must be present. This led to the concept of 
centripetal acceleration. 

膆膌 Centripetal Motion 
We reviewed the geometric argument showing why an object moving in a circle must experience 
acceleration toward the center. That we had covered in the previous Math Circle. Even when the speed 
remains constant, the velocity vector changes direction.If two velocity vectors separated by a small time 
interval Δt are compared, the diƯerence between them is: Δv,By examining the geometry of these vectors, 
we showed that Δv Ѹ vΔθ and because rΔθ = vΔt we obtain Δv = v²Δt / r Dividing by Δt gives the famous 

result a = v² / r 

This is the centripetal acceleration required to keep an object moving in a circular path. 

膆膍 Gravity and Planetary Motion 
Next we asked: 

https://www.youtube.com/watch?v=vdop32yJqWg
https://www.youtube.com/watch?v=vdop32yJqWg
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What provides this centripetal acceleration for planets? The answer is gravity. Newton’s law of gravitation 
states that the force between two masses is F = GMm / r² When this force acts on a planet, it produces 
the centripetal acceleration needed to maintain its orbit. From this we obtain the orbital velocity formula 

v = √(GM / r) 

This means that once the value of GM for the Sun is known, the orbital speed of any planet can be 
calculated from its distance from the Sun. 

膏膎 Computing GM of the Sun 
Using known values 

G = 6.67 × 10⁻¹¹ 

M_sun = 2 × 10³⁰ kg 

we compute: GM_sun Ѹ 1.33 × 10²⁰ m³/s² 

This single number controls the motion of the entire solar system. 

膆膐 Exploring Planetary Orbits 
Students then worked through the Adventure 15 activity sheet, computing orbital quantities for: 

∑ Mercury 

∑ Earth 

∑ Neptune 

Using planetary distance data they calculated: 

• orbital velocity 

• orbit size 

• orbital period 

After completing the calculations they examined the broader planetary data tables to look for patterns. 

膆膑 Deeper Insight: Kepler’s Law 
From the data, an important relationship emerges: 

T ∝ r³⁄r² 

or equivalently 

T² ∝ r³ 

This is Kepler’s Third Law, which describes how the orbital period of a planet depends on its distance 
from the Sun. 



Calculus and Mechanics Math Circle Notes  Dr. Super • pg. 109 

Students were encouraged to explain how this relationship follows directly from the formulas for orbital 
velocity and orbital period. 

蚘蚓蚔蚕蚖蚗 Reflections 
The activity highlighted a remarkable fact: A single constant (GM of the Sun) determines the motion of 
every planet in the solar system. Once that value is known, the orbital speed and period of any planet can 
be predicted from its distance alone. This provides a powerful illustration of how Newton’s laws unify 
motion on Earth with motion in space. 

蚘蚓蚔蚕蚖蚗 Final Words 
The session connected several major ideas: energy and combustion; circular motion; centripetal 
acceleration; Newton’s law of gravitation; planetary motion and Kepler’s laws 

Through a combination of geometry, physics, and data analysis, the students were able to see how the 
structure of the solar system follows directly from a few simple physical principles. 

One remarkable incident when we were discussing fire was that, I asked the punch line question “So 
what is fire” and Rooz almost immediately said The Sun. Cyrus smiled and it was a great moment as 
indeed Fire is the sun rays that are stored in the wood and released when we have fire! 
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艆艇艈艉艊艋 Completed Student Activity Sheets 
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The original explorers of these Adventures: 

Rooz (9), Cyrus (11), and Marc (11) 
Every lesson, activity, chart, and discussion in this book was tested during weekly Wednesday Math 
Circles. Their questions, discoveries, and insights helped shape the Adventures and demonstrated that 
young students can understand the fundamental ideas of calculus long before they encounter its formal 
techniques. 
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